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__________________________________________________________________

A relativistic electron beam pulse of high current density
will heat a thin target plate to a plasma state as it traverses.
The gradient of plasma temperature ÑTe is predominantly
radial, and the gradient of plasma density Ñne is predominantly
axial. The cross product of these terms is significant at the
vacuum-to-metal interface through which the beam enters.
This cross product is a thermal source of magnetization, which
can be much larger than the vacuum magnetic field of the
electron beam, and it is of opposite polarity. The thermal
energy density in the target can be hundreds of times larger
than the energy density of the vacuum magnetic field of the
beam. If the nose of the electron beam current pulse rises
linearly with time then the thermal magnetization increases as
time squared. Heat pushes electrons axially from the interior of
the plate to the surfaces, and radially away from the beam axis.
The electric field that arises from this effect is essentially the
negative of the pressure gradient, it points outward.

__________________________________________________________________

AAAA    ccccoooonnnnttttiiiinnnnuuuuiiiinnnngggg    wwwwoooorrrrkkkk

This report continues the presentation of reference [1] without further
introduction. My intent is to make this a brief report, in essence an
appendix to reference [1]. Equation numbering will continue the sequence
of reference [1], the first new equation in this report is number (70).

This report describes the electric and magnetic fields at the surface of a
target during beam entry. My goal is a quixotic one, to prove a negative,
which is that bare ions do not emerge from the target plasma to accelerate
along the axis of the approaching electron beam. The assumption that such
ion flow exists has motivated a great deal of work. These efforts include
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space-charge PIC computations predicting the effect [2] and [3],
experiments [4], [5], and [6], analysis [7], and computations of remediation
schemes [8] and [9]. None of these efforts considers a magnetized target,
nor the influence of thermal energy density in producing magnetization.
The thermal energy density in the target can be hundreds of times larger
than the energy density of the vacuum magnetic field of the beam. How
electron beam target magnetization can arise from thermodynamics is
described in [1], where the analysis was guided by the extensive work on
thermal magnetization in laser-fusion, see [10] and [11].

EEEElllleeeeccccttttrrrriiiicccc    ffffiiiieeeelllldddd    aaaatttt    tttthhhheeee    ssssuuuurrrrffffaaaacccceeee

Inserting the generalized Ohm's law

jjjj = s(EEEE + vvvv ´ BBBB + 
Ñpe

ene
), (36)

and the electron beam current density source jjjj0,

jjjj0 = curl(BBBB0
m

), (37)

into Ampere's law,

curl(BBBB
m

) = jjjj + jjjj0 + e
¶EEEE

¶t
, (38)

produces an equation for the electric field,

EEEE = 1
sm

curl(BBBB - BBBB0) - vvvv ´ BBBB - kTe
e

(
ÑTe

Te
 + 

Ñne

ne
), (70)

where pe = kneTe. The electric field arises from magnetic diffusion and
convection, and from the electron pressure gradient. BBBB is itself created
thermally.

Consider an idealized model of the vacuum-to-metal interface. Assume this
boundary layer has a thickness l0. Let r be a radial coordinate parallel to
the surface, x = r/r0 for beam radius r0, and z is an axial coordinate
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through the layer, which points into the external vacuum. The functional
dependencies are:

BBBB = Bq(r, z, t)iiiiq,

BBBB0 = B0q(r, t)iiiiq,

vvvv = vz(r, z, t)iiiiz,

Te(r, t) and ne(z, t). (71)

Applying (71) to (70) produces component equations:

Er = -1
sm

 
¶Bq

¶z
 + vzBq - kTe

e ( 1
Te

 
¶Te

¶r
),  (72)

Ez = 1
smr

 
¶

¶r
[r(Bq - B0q)] - kTe

e ( 1
ne

 
¶ne

¶z
). (73)

RRRRaaaaddddiiiiaaaallll    aaaannnndddd    aaaaxxxxiiiiaaaallll    ddddeeeerrrriiiivvvvaaaattttiiiivvvveeeessss

Radial derivatives are a consequence of the radial profile of the electron
beam, and axial derivatives are a consequence of the diminution of density
across the layer. The derivatives and factors needed are:

1
Bq

 
¶Bq

¶z
 = ( 1

ne
 
¶ne

¶z
), (62)

1
ne

 
¶ne

¶z
 = -1

l0

, (74)

1
Te

 
¶Te

¶r
 = -(12

r0
) x

(1 + 2x2)
, (49)

fJ(x) = 1

(1 + 2x2)
3
, (46)
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fB(x) = x

(1 + 2x2)
4
, (60)

B.816(t) º B0q(0.816r0, t) = mj0(0, t)r0/8, (75)

¶B0q

¶r
 = B.816

r0
(8fJ(x) - B0q

xB.816
), (50)

r
Bq

 
¶Bq

¶r
 =  1 - 14x2

1 + 2x2
. (61)

Equation (74) is a simple model of the boundary layer density profile,
equation (75) is a convenient definition, and the other terms were
described in [1].

Applying these results to (72) and (73) produces:

Er = (vz + 1
sml0

)Bq + 12kTe
er0

 
fB(x)
fJ(x)

, (76)

Ez = 
kTe

el0

 + 1
smr0

(2 - 12x2

1 + 2x2
 Bq
x

 - 8B.816(t)fJ(x)). (77)

Next, we find Bq for an electron beam current pulse that rises linearly with
time.

BBBBq    ffffoooorrrr    aaaa    lllliiiinnnneeeeaaaarrrr    bbbbeeeeaaaammmm

For a linear beam:

j0(0, t) = j¥ t
t¥

,

B0q(0.816r0, t) = 
mj¥r0

8
 t
t¥

 = B¥ t
t¥

,

kTe(0, t)
e

 = 
g - 1
g

 m
e
DE

|j¥|t¥
2

 ( t
t¥

)2
 = 

kT¥

e ( t
t¥

)2
, (67)
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where the subscript ¥ indicates quantities at the end of the beam time
ramp, and DE = 1.6 ´ 105 (eV/m)/(kg/m3), which is an average energy loss
by collisions as a relativistic electron beam penetrates a target of atomic
mass m.

The Faraday law model of equations (65) and (66) results in:

K1 = 
-B¥

t¥
 
fK(x)

smr0
2

,

K2 = 
-kT¥

e
 1

t¥
2

 12
r0l0

 fB(x),

w = (vz - 1
sml0

) 1
l0

 - 
¶vz

¶z
 + fw(x)

smr0
2
, (78)

which are analogous to source coefficients K1 and K2, and relaxation rate w
in (68). The functions fK and fw were defined for equation (63) and are:

fK(x) = 96x

(1 + 2x 2)4
 + 1

x2
[1 - 1

(1 + 2x 2)2
],

fw(x) = 12

1 + 2x 2
 + (1 + 18x 2

1 + 2x 2
) 1
x2

(1 - 14x 2

1 + 2x 2
) - 163 + 14x 2

1 + 2x 2
 . (79)

The function fK is positive (x is always positive), while fw is negative for
x > 0.152. The magnetic induction is

Bq = K1

w2
(ewt - 1 - wt) + K2

w3
(2ewt - 1 - (1 + wt)2). (66)

Consider the relaxation rate w from (78). Assume that vz is uniform over
the short extent in z of the layer. If the boundary layer is static, vz = 0,
then the magnetic field leaks away by axial and radial diffusion. If the
axial velocity equals the axial magnetic diffusion speed, vz = 1/(sml0), then
only radial diffusion acts to limit the retention of Bq. In this case the
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magnetic Reynolds number of the boundary layer is unity, RM = smvzl0 = 1.
If the axial velocity exceeds the axial magnetic diffusion speed then Bq
grows very rapidly. Thus, the expansion of the plasma into the electron
beam helps to retain the thermally generated magnetization. This
magnetization works to diverge the electron beam, and to bind electron
and ion motion to the boundary layer. To estimate the boundary layer
motion, use the local thermal speed,

vz = g 
kTe(r, t)

m
 = g 

kT¥

m
( t
t¥

)
2
fJ(x) . (80)

TTTTwwwwoooo    eeeexxxxaaaammmmpppplllleeeessss

FFFFiiiigggguuuurrrreeee    1111 shows Bq(x, t) for a linear beam with I0(0, t¥) = 6000 A, r0 = 0.5
mm, j¥ = 3.06 ´ 1010 A/m, t¥ = 20 ns, B¥ = 2.4 T, and kT¥/e = 37 eV, which
pierces a boundary layer of tantalum with l0 = 2 ´ 10-5 m and s = 106

S/m. Five radial profiles are shown, at 4 ns, 8 ns, 12 ns, 16 ns, and 20 ns.
Negative Bq(x, t) values are plotted (positive numbers). B0q of the electron
beam is positive as electrons move toward negative z.  Flux builds up near
x = 0.3 where the cross product of temperature and density gradients has
its peak, and near the axis where radial diffusion is inward and the axial
motion is most pronounced. The magnitude of Bq reaches over -3 T.

FFFFiiiigggguuuurrrreeee    2222 shows Er(x, t) for the example of Figure 1. This radial field points
inward below x = 0.4, and outward with much lower intensity above this
point.

FFFFiiiigggguuuurrrreeee    3333 shows the axial electric field Ez(x, t) for the example of Figure 1.
This field reaches 1 MV/m by the end of the current ramp, and it points
outward.

FFFFiiiigggguuuurrrreeee    4444 shows the axial velocity given by (80) for the example of Figure
1. The velocity is such that RM < 0.2.

FFFFiiiigggguuuurrrreeee    5555 shows the inverted relaxation rate for the example of Figure 1.
This is a local relaxation time. This time is about 0.5 ns over most of the
radial profile, but it grows rapidly near the axis.

FFFFiiiigggguuuurrrreeee    6666 shows Bq(x, t) for a boundary layer with l0 = 5 ´ 10-5 m and all
other parameters identical to those of the example of Figure 1. Negative
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Bq(x, t) values are plotted (positive numbers). The magnitude of Bq reaches
over -11 T. The velocity is such that RM < 0.5. Bq builds up to a higher level
because it takes longer to leak out of a thicker layer.

FFFFiiiigggguuuurrrreeee    7777 shows Er(x, t) for the thicker layer, compare this with Figure 2.

FFFFiiiigggguuuurrrreeee    8888 shows the axial electric field Ez(x, t) for the thicker layer,
compare this with Figure 3.

FFFFiiiigggguuuurrrreeee    9999 shows the inverted relaxation rate for the thicker layer, compare
this with Figure 5.

CCCCoooonnnncccclllluuuussssiiiioooonnnnssss

The magnetization of a boundary layer increases rapidly with increasing
magnetic Reynolds number based on the layer thickness l0. This thickness
can be estimated as the time average of the integral of vz(0, t) from
equation (80) during the ramp up of the linear beam, or l0 = [vz(0, t¥)t¥]/6.
This estimate produces l0 = 2 ´ 10-5 m for the conditions of the example of
Figure 1. It seems likely that these hot, dense boundary layers with sm » 1
expand with RM » 1, and as a result are very highly magnetized. The
examples show that electric and magnetic fields are all high below x = 0.4.
Ions attempting to escape from the boundary layer by moving along the
axial electric field must endure collisional drag, and overcome magnetic
restraint. They are most likely to move as part of the thermal expansion of
the magnetized plasma.

AAAAuuuussssppppiiiicccceeeessss.... This work was produced under the auspices of the U. S. DOE by
LLNL under contract no. W-7405-Eng-48.
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FFFFiiiigggguuuurrrreeee    ccccaaaappppttttiiiioooonnnnssss

1. Magnetic induction for a linear beam. Bq(x, t) in T for a linear beam
with I0(0, t¥) = 6000 A, r0 = 0.5 mm, j¥ = 3.06 ´ 1010 A/m, t¥ = 20 ns,
B¥ = 2.4 T, and kT¥/e = 37 eV, which pierces a boundary layer of
tantalum with l0 = 2 ´ 10-5 m and s = 106 S/m. Five radial profiles
are shown, at 4 ns, 8 ns, 12 ns, 16 ns, and 20 ns. Negative Bq(x, t)
values are plotted (positive numbers).

2. Radial electric field for a linear beam. Er(x, t) in V/m for Figure 1.

3. Axial electric field for a linear beam. Ez(x, t) in V/m for Figure 1.

4. Axial velocity for a linear beam. vz(x, t) in m/s for Figure 1.

5. Radial profile of relaxation times. Inverted relaxation rate, in ns, for
Figure 1.

6. Magnetic induction for thicker layer. Bq(x, t) in T for a boundary
layer with l0 = 5 ´ 10-5 m and all other parameters identical to those
of the example of Figure 1. Negative Bq(x, t) values are plotted
(positive numbers).

7. Radial electric field for thicker layer. Er(x, t) in V/m for the thicker
layer, compare this with Figure 2.

8. Axial electric field for thicker layer. Ez(x, t) in V/m for the thicker
layer, compare this with Figure 3.

9. Relaxation profile for thicker layer. 1/w(x) in ns for the thicker layer,
compare this with Figure 5.



FFFFiiiigggguuuurrrreeee    1111, Magnetic induction for a linear beam
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FFFFiiiigggguuuurrrreeee    2222, Radial electric field for a linear beam



FFFFiiiigggguuuurrrreeee    3333, Axial electric field for a linear beam
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FFFFiiiigggguuuurrrreeee    4444, Axial velocity for a linear beam
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FFFFiiiigggguuuurrrreeee    5555, Radial profile of relaxation times
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FFFFiiiigggguuuurrrreeee    6666, Magnetic induction for thicker layer
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FFFFiiiigggguuuurrrreeee    7777, Radial electric field for thicker layer
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FFFFiiiigggguuuurrrreeee    8888, Axial electric field for thicker layer
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FFFFiiiigggguuuurrrreeee    9999, Relaxation profile for thicker layer


